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Abstract
An n-bicirculant is a graph having an automorphism with two orbits of length n and no other orbits. Symmetry properties of
p-bicirculants, p a prime, are extensively studied. In particular, the actions of their automorphism groups are described in detail in
terms of certain algebraic representation of such graphs.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction
Throughout this article groups are ﬁnite, and graphs are ﬁnite, simple and undirected, and unless speciﬁed otherwise,
connected. We shall assume that the reader is familiar with basic graph theory and group theory terminology (see
[2,8,11,21]). By p we shall always denote a prime number.
An automorphism of a graph is called (m, n)-semiregular, where m1 and n2 are integers, if it has m orbits of
length n and no other orbit. Studying graphs with semiregular automorphisms seems natural in view of the still open
problem regarding existence of such automorphisms in vertex-transitive graphs posed in [16]. (See [6,9] for the most
recent update on the problem.) Case m = 1 gives rise to the class of Cayley graphs of cyclic groups, also known as
circulants. To stay in tune with this terminology we use the term bicirculants, or more precisely, n-bicirculants, for
graphs admitting a (2, n)-semiregular automorphism.
The class of bicirculants contains many families of graphs which have been an object of interest for many years,
such as the generalized Petersen graphs. The fact that these graphs are bicirculants was essential in determining their
automorphism groups (see [10,15]). Further examples of bicirculants are provided, say, by Cayley graphs of dihedral
groups (as well as by Cayley graphs of cyclic groups of even order). Symmetry properties of these graphs have been
a focus of interest due to a number of open problems in graph theory: the famous Lovász hamiltonicity problem in
vertex-transitive graphs [14] (for example, it is still not known whether every Cayley graph of a dihedral group has a
Hamilton cycle or not), and the long-term program of classifying 2-arc-transitive graphs [18], to mention just two of
them. In all of these problems, the fact that Cayley graphs of dihedral groups are special examples of bicirculants has
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played a crucial role.We note that, in terms of the algebraic description of n-bicirculants via a triple [S,R, T ] of subsets
of Zn (see Section 2 for the deﬁnition), Cayley graphs of dihedral groups are characterized by the fact that S =R. Also,
a connection of bicirculants to conﬁgurations was explored in [20] resulting, based on the theory developed in [3], in
a classiﬁcation of cubic bicirculants.
Interesting subclasses of n-bicirculants arise also at the other end of the spectrum, that is, when R and S have empty
intersection. In particular, the case where R and S are complementary subsets of Z#n is closely related to the concept of
strongly regular graphs. (A regular graph X with v vertices and of valency k is (v, k, , )-strongly regular if each pair
of adjacent vertices has  common neighbours and each pair of nonadjacent vertices has  common neighbours.) As
opposed to the classiﬁcation of strongly regular circulants which was completed by Bridges and Mena (see [4]), the
problem of classifying strongly regular bicirculants is still open. At present, our knowledge is limited to having certain
necessary conditions for a bicirculant to be strongly regular and constructions of four non-complementary nontrivial
examples of such graphs [7,13,17]. (Here ‘nontrivial’ means that both the graph and its complement are connected.)
In particular, it was shown in [7,17] that the sets R and S (of the above mentioned triple) are complementary subsets
(in Z#n) in the case when n is odd.
Motivated by the above comments, the main aim of this article is to lay grounds for the study of symmetry properties
of bicirculants. We shall do so by giving a complete analysis of p-bicirculants, where p is a prime. In Section 2, we
explicitly describe the action of the automorphism group of a p-bicirculant, both in the transitive and intransitive case
(Theorems 2.1 and 2.2).
2. Symmetry structure of p-bicirculants
To begin with, let us ﬁrst introduce a certain algebraic description of graphs admitting an (m, n)-semiregular au-
tomorphism. Let Zn, n2, denote the ring of residue classes modulo n, and let Z#n and Z∗n be the set of all nonzero
elements and the set of all invertible elements of Zn, respectively. Further, for a subset A ⊆ Zn let A# = A\{0},
A=Zn\A and ̂A=Z#n\A. Now letM(m, n) denote the set of all m×m-matrices S whose (i, j)-entry Si,j = −Sj,i is
a subset of Zn if i = j , and a subset of Z#n if i = j . To each graph X with an (m, n)-semiregular automorphism  with
orbits Wi , i ∈ Zm, we may associate a member ofM(m, n) in the following way. For each i ∈ Zm choose wi ∈ Wi .
We call the matrix S ∈M(m, n), with the (i, j)-entry Si,j = {s ∈ Zn : [wi, swj ] ∈ E(X)}, the symbol of X relative
to the(m + 1)-tuple (, w0, . . . , wm−1). Conversely, each matrix S ∈ M(m, n) is a symbol of some graph with an
(m, n)-semiregular automorphism, namely the graph, denoted by X(S), with vertex set {wi,x : i ∈ Zm, x ∈ Zn} and
edge set {[wi,x, wj,y] : y − x ∈ Si,j }.
If m = 1 then the symbol S = S1,1 of the circulant X(S) = Cay(Zn, S) depends solely on the automorphism  and
not on the choice of a particular vertex. If m = 2, then S2,1 = −S1,2, which allows us to simplify the notation and call
the triple [S,R, T ] = [S1,1, S2,2, S1,2] a symbol of the bicirculant X(S).
As for p-bicirculants, p a prime, the tools for describing the structure of their automorphism groups are at hands.
First, if X is such a graph which is not vertex-transitive, then its automorphism group can be described using the
classical Burnside theorem on transitive permutation groups of prime degree p which states that such a group is either
doubly transitive or isomorphic to a subgroup of AGL1(p) [19, Theorem 7.3]. (For details see Theorem 2.1.) Second,
a description of the automorphism group of a connected vertex-transitive p-bicirculant X, XK2p, may be obtained
combining together the above-mentioned Burnside theorem, a characterization of vertex-transitive graphs of order 2p
with an imprimitive automorphism group (see [16]) and the fact that by the classiﬁcation of ﬁnite simple groups, AutX
is imprimitive for p> 5. (For details see Theorem 2.2.)
We introduce the following notation. Given a subset A ⊆ Zp, letHA denote the largest subgroup of Z∗p ﬁxing A
setwise (equivalently,HA is the largest subgroup of Z∗p such that A# is a union of cosets ofHA). Further, for a graph
X and disjoint subsets V1 and V2 of V (X) let [V1, V2] denote the bipartite subgraph of X induced by all the edges of X
having one endvertex in V1 and the other in V2.
Theorem 2.1. Let X be a p-bicirculant, p a prime, and let  be a corresponding (2, p)-semiregular automorphism
with orbits U and W . If X is not vertex-transitive, then one of the following occurs.
(i) X (or its complement) is a disjoint union of two nonisomorphic p-circulants X1 and X2, in which case AutX
AutX1 × AutX2.
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(ii) Any symbol of X (or its complement) relative to  is of the form [Z#p,∅, T ] and moreover, the subgraph [U,W ] of
X (or of the complement of X) is isomorphic to one of the following graphs:
• to pK2, in which case AutXSp, or
• to the incidence graph of the projective space PG(n, q) where p = (qn − 1)/(q − 1), in which case AutX
PL(n, q), or
• to the incidence graph of the Hadamard designH11 on 11 points, in which case AutXPSL(2, 11), and
T = {1, 3, 4, 5, 9}.
(iii) There exist u ∈ U , w ∈ W and  ∈ AutX ﬁxing u and w such that AutX = 〈〉〈〉ZpZd where d divides
p − 1. Moreover, let [S,R, T ] be the symbol of X arising from the triple (, u,w). Then letting ui = i (u) and
wi = i (w), i ∈ Zp, the automorphism  maps according to the rule (ui) = uai , (wi) = wai , i ∈ Zp, and
〈a〉 =HS ∩HR ∩HT . Further, d is the order of a.
Proof. Suppose that X is disconnected. Suppose further that the bipartite subgraph [U,W ] contains at least one edge
and hence a matching. If the induced subgraph [U ] (or [W ]) has at least one edge, then [U ] (or [W ]) contains a p-cycle,
contradicting the assumption that X is disconnected. On the other hand, [U ] and [W ] are not both independent sets, for
then X would clearly be vertex-transitive. Consequently, the subgraph [U,W ] contains no edges. Therefore, since X is
not vertex-transitive it must be a disjoint union of two non-isomorphic p-circulants, and (i) holds. Similar arguments
apply in the case when the complement of X is disconnected.
We may thus assume that both X and its complement are connected graphs. Then the graph [U,W ] contains at
least one edge but is not a complete bipartite graph. This implies that G = AutX is permutation isomorphic to the
restrictions GU and GW of G to U and W , respectively (see [1, Theorem 4]). By the above-mentioned Burnside
theorem, GU and GW are either doubly transitive or are permutation isomorphic to a subgroup of the afﬁne group
AGL1(p).
Suppose ﬁrst that they are doubly transitive. Then, the induced graphs [U ] and [W ] are either complete graphs Kp
or independent sets. Since X is not vertex-transitive it follows, with no loss of generality, that [U ]Kp and [W ] is
isomorphic to the complement of Kp. Hence, there exists a nonempty proper subset T of Zp such that [Z#p,∅, T ] is a
symbol of X relative to the triple (, u,w) where u ∈ U , w ∈ V . If T is a singleton, then clearly [U,W ]pK2 and
AutXSp. Otherwise, consider the intersection T ∩ (T + i), i ∈ Z#p. Clearly, this intersection corresponds to the
common neighbourhood of u and i (u) in W . Since GU is doubly transitive the cardinality of this intersection does
not depend on the choice of i ∈ Z#p. Consequently, T is a difference set and so [U,W ] is either the incidence or the
nonincidence graph of a block design admitting a doubly transitive group on points and containing a regular cyclic
subgroup. By [12], such a design is either a projective space PG(n, q) for appropriate parameters n and q, or is the
Hadamard designH11. This gives (ii).
Finally, suppose that GU and GV are permutation isomorphic to a subgroup of the afﬁne group AGL1(p). Then,
clearly AutXZpZd for some d dividing p − 1. Choose  ∈ AutX of order d. Then, there exist u ∈ U and w ∈ W
which are ﬁxed by . Denote the vertices of X by ui = i (u) and wi = i (w) where i ∈ Zp. There exists a ∈ Z∗p,
such that  maps according to the rule given in (iii). Note that the order |a| of a is d. Now, let 〈b〉 =HS ∩HR ∩HT .
Then, clearly a ∈ 〈b〉. Moreover, the permutation  mapping according to the rule (ui) = ubi , (wi) = wbi is an
automorphism of X. Since  is of maximal order d, we have that the order || of  equals |b| and divides |a|. Hence
〈a〉 = 〈b〉, completing the proof of Theorem 2.1. 
As for vertex-transitive p-bicirculants, they coincide with vertex-transitive graphs of order 2p. These graphs were
extensively studied in [16], where among others it was proved that, provided the automorphism group is imprim-
itive (and therefore with blocks of size p or 2), one can always ﬁnd an imprimitive subgroup which has blocks
of size p. This fact alone puts further restriction to the symbol of the graph, as may be seen by the next
theorem.
For a positive integer n and a subset A of Zn we let A(2) denote the symmetric closure in Z2n of A considered as a
subset of Z2n. Thus, for an element a ∈ A we have that A(2) contains both a and 2n − a. Further, by A0 and A1 we
denote the subsets of even and odd elements of A, respectively.
Theorem 2.2. Let X be a p-bicirculant, p a prime, and let  be a corresponding (2, p)-semiregular automorphism
with orbits U and W . If X is vertex-transitive, then one of the following occurs.
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(i) X or its complement is isomorphic either to 2pK1, topK2, or is a union of two isomorphic connected p-circulants.
(ii) X or its complement is isomorphic to the Petersen graph.
(iii) There exists a symmetric proper nonempty subset S of Z#p and a p-circulant Y with symbol S, such that X or its
complement is isomorphic to Y 
 2K1 and hence has a (bicirculant) symbol [S, S, S]. Moreover, X is a circulant
with symbol S(2).
(iv) X or its complement is isomorphic to the incidence or the nonincidence graph of either
• the projective space PG(n, q) where p = (qn − 1)/(q − 1), in which case AutXPL(n, q), or
• the Hadamard designH11 on 11 points, in which case AutXPGL(2, 11), and T = {1, 3, 4, 5, 9}.
(v) There exist u ∈ U , w ∈ W , a ∈ Z∗p, and a divisor d of p − 1 such that the symbol of X relative to the triple
(, u,w) is of the form [S, S, T ] where S = −S ⊆ Z#p and T = −T = S is a proper nonempty subset of Zp.
Further, AutX = 〈	〉〈〉Z2pZd where d is the order of a; letting ui = i (u) and wi = i (w), i ∈ Zp, the
automorphism 	 maps according to the rule 	(ui)=wi+1, 	(wi)= ui+1, i ∈ Zp, and the automorphism  maps
according to the rule (ui)=uai , (wi)=wai , i ∈ Zp. In particular, X is a 2p-circulant with symbol S(2)0 ∪T (2)1 .
(vi) There exist u ∈ U , w ∈ W and a divisor d of p − 1 such that the symbol of X relative to the triple (, u,w) is of
the form [S, aS, T ] where S = −S ⊆ Z#p, T = S is a proper nonempty subset of Zp, and a ∈ Z∗p is an element
of order 2d such that a2 generates the intersectionHS ∩HT . Further, AutX = 〈,
〉ZpZ2d , where 

maps according to the rule 
(ui)=wai , 
(wi)= uai , i ∈ Zp, with ui = i (u) and wi = i (w), i ∈ Zp. Finally,
if a /∈HS then a ∈HT , the order of a and thus ofHT is divisible by 4, and T = −T is symmetric.
Proof. If X or its complement is disconnected, then similar arguments as in the proof of Theorem 2.1 show that (i)
holds.
We can therefore assume that both X and its complement are connected. Clearly AutX is simply transitive. Let AutX
be primitive. By the classiﬁcation of ﬁnite simple groups (see [5]), a simply primitive group of degree twice a prime
number is either A5 or S5 in their induced actions on the 10-element set of pairs taken from the set {1, 2, 3, 4, 5}. The
corresponding orbital graphs are the Petersen graph and its complement, and thus (ii) holds. We may therefore assume
that AutX is imprimitive.
Case 1: AutX has blocks of size 2 and no blocks of size p.
(Note, however, that there always exists an imprimitive subgroup GAutX with blocks of size p, see [16, Theorem
6.2].) From the proof of [16, Theorem 6.2] we may deduce that this can happen only when X or its complement is the
wreath product Y 
 2K1 where Y is a p-circulant (or equivalently, when the kernel of the action of AutX on the blocks
of size 2 is isomorphic to Zp2 ). Moreover, if S is the (circulant) symbol ofY, then [S, S, S] or [S, S, S∪{0}] is obviously
a (bicirculant) symbol of X, giving us (iii).
Case 2: AutX has blocks of size p.
Clearly, these blocks cannot be exchanged by  since  has odd order. Hence, the two blocks are precisely U and W .
Let F be the setwise stabilizer of U (and of W ) of the action of AutX. By [1, Theorem 4] the restrictions FU and FW
are permutation isomorphic groups. Note that since U and W are blocks, F is an index 2 subgroup of AutX.
If FU and FW are doubly transitive, then clearly [U ] and [W ] are both independent sets, or are isomorphic to Kp.
Repeating the argument used in the third paragraph of the proof of Theorem 2.1, and taking into account that X is
vertex-transitive, we get (iv).
Let now FU and FW be simply transitive. By a slight modiﬁcation of the characterization of imprimitive graphs of
degree 2p (see [16, Theorem 6.4]) one can show that there exists a symbol of X corresponding to  which is of the
form:
[S, aS, T ] where a ∈ Z∗p is such that S = a2S and aT = −T . (1)
In what follows, we choose an element a as above in such a way that the order |a| of a in Z∗p is maximal. Clearly
〈a2〉HS ∩HT . Let b be a generator ofHS ∩HT . We show ﬁrst that a is of even order. If on the contrary a is of
odd order, then clearly 〈a〉 = 〈a2〉HS ∩HT which implies aS = S and aT = T = −T . It is easy to check that (1) is
satisﬁed if a is replaced by b. Since a was chosen to have maximal order this implies |b| |a|. In view of a ∈ 〈b〉 we
thus have 〈a〉 = 〈b〉. However, equations S = −S and T = −T imply that −1 ∈ 〈b〉 which is impossible since |a| was
odd. Hence, a is of even order and thus 〈a2〉 is an index 2 subgroup of 〈a〉.
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We show that 〈b〉 is equal either to 〈a〉 or to 〈a2〉. Consider the group 〈a, b〉 ∈ Z∗p. Since a2 ∈ 〈b〉, we have that
[〈a, b〉 : 〈b〉] is either 1 or 2. If the index equals to 1, then a ∈ 〈b〉. Repeating the above argument we get 〈a〉 = 〈b〉.
Suppose now that [〈a, b〉 : 〈b〉] = 2. Since
[〈a, b〉 : 〈a2〉] = [〈a, b〉 : 〈a〉][〈a〉 : 〈a2〉] = [〈a, b〉 : 〈b〉][〈b〉 : 〈a2〉]
and [〈a〉 : 〈a2〉] = 2, we must have [〈a, b〉 : 〈a〉] = [〈b〉 : 〈a2〉]. Since 〈a, b〉 is cyclic, a2 ∈ 〈b〉 and [〈a, b〉 : 〈b〉] = 2,
there exists i < |b| such that abi generates 〈a, b〉. In particular, this gives |a| |abi |. But abi satisﬁes condition (1)
implying that |abi | |a| (because of the choice of a). Thus, |abi | = |a| and hence 1 = [〈a, b〉 : 〈a〉] = [〈b〉 : 〈a2〉]. We
thus have 〈b〉 = 〈a2〉, as desired.
Let u ∈ U and w ∈ W be such that the symbol of X relative to the triple (, u,w) is the chosen symbol [S, aS, T ].
Further, let ui = i (u) and wi = i (w), i ∈ Zp. Among all  in F such that (u0) = u0 choose one of maximal order.
Note that since S and R are symmetric, it follows that ||2. Also, F = 〈,〉. Since FU is permutation isomorphic
to AGL1(p), there exists c ∈ Z∗p, c = 1, such that (ui) = uci for each i ∈ Zp. Using [1, Theorem 4], we get that
|| = |c|. Note also that c ∈HS . Observe further that the restriction of  to W ﬁxes exactly one vertex, say wj . The
permutation 
 mapping according to the rule 
(ui)=wai , 
(wi)= uai , i ∈ Zp, is clearly an automorphism of X. We
consider two possibilities.
If 
2 = id, that is, if a = −1, then aS = −S = S. Take T ′ = T − j . In other words, take w′ = wj instead of w
and take u′ = u, so that the corresponding symbol is [S, aS, T ′]. We have (−c)S = c(−S) = S = aS. The neighbours
in U of w′0 are precisely the vertices u′t where t ∈ −T ′. Since (w′0) = w′0, we must have c(−T ′) = −T ′. Thus
(−c)T ′ = c(−T ′)=−T ′ and −c satisﬁes condition (1). Hence, |− c| |a|= 2. Since c = 1 we must have c=−1= a,
giving us T ′ = −T ′. Since R and S are symmetric, the permutation , mapping according to the rule (ui) = u−i ,
(wi)=w−i , i ∈ Zp, is an automorphism of X, and by [1, Theorem 4] we have =. Clearly now, AutX = 〈, ,
〉
and |AutX| = 2|F | = 4p. The permutation 	mapping according to the rule 	(ui)=wi+1, 	(wi)= ui+1, i ∈ Zp, is an
automorphism of X and so X is a circulant. It is easy to check that 〈	〉 is normal in AutX. Since 	p+1 =  and  /∈ 〈	〉
we thus have AutX = 〈	〉〈〉Z2pZ2, giving us (v) with  playing the role of  for a = −1.
Suppose now that 
2 = id. Since 
2 ∈ F and 
2(u0) = u0, there exists a positive integer k such that 
2 = k ,
implying that
2 ﬁxeswj (recall that (wj )=wj ).Asw0 is the unique vertex ofW ﬁxed by
2, we have thatwj =w0.
Since the neighbours of w0 in U are precisely the vertices ut , t ∈ −T , we must have c(−T ) = −T and thus cT = T .
Hence, c ∈ HS ∩HT . We know thatHS ∩HT = 〈b〉 is equal either to 〈a〉 or to 〈a2〉. IfHS ∩HT = 〈a〉, then
aS = S, aT = T = −T and we have a symbol of the form [S, S, T ].
The permutation  mapping according to the rule (ui) = uai , (wi) = wai , i ∈ Zp is an automorphism of X, and
by the maximality of  we have |a| = || || = |c|. Since c ∈ 〈a〉, this gives us |a| = |c| and so 〈〉 = 〈〉. Deﬁne 	
as above. Then since = 	p−1, we get that AutX = 〈	, 〉. It is easy to see, that AutX = 〈	〉〈〉, giving us (v).
Finally, letHS ∩HT =〈a2〉. Then, c ∈ 〈a2〉 and thus there exists a positive integer i such that c=a2i which implies
|U =
2i |U . By [1, Theorem 4] we have that =
2i . Thus, AutX = 〈,
〉. It is easy to check that 〈〉 is normal in
AutX. This implies that AutX = 〈〉〈
〉. To ﬁnish the proof, suppose that in addition aS = S. Then, the order of a
must be divisible by 4. Indeed, if a2 is of odd order, then 〈a〉 = 〈a2,−1〉HS , implying that aS = S, a contradiction.
Thus, a2 is of even order and hence the order of a is divisible by 4. Since a2 ∈HS ∩HT is of even order, we have
−1 ∈HS ∩HT giving us T = −T . Hence (vi), completing the proof of Theorem 2.2. 
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